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Abstract
All the literature on the stability of the quadratic functional equation focus on the case where the
relevant domain is an Abelian group or a normed space. In this note, we solve the stability problem
of the quadratic functional equation on amenable groups.
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In 1940, Ulam gave a wide ranging talk before the Mathematics Club of the University
of Wisconsin in which he discussed a number of important unsolved problems [13]. Among
those he proposed the stability of the Cauchy functional equation. In the next year, Hyers
answered the question [6]. The result of Hyers was generalized by Rassias [10]. Since then,
the stability problems of various functional equations have been studied by many authors
(see the survey [4] and references therein). Among them, Skof [11] first considered the
Hyers–Ulam stability of the quadratic functional equation
f (xy) + f (xy−1) − 2f (x) − 2f (y) = 0, (1)
where f maps a group G to an Abelian group H . As usual, each solution to Eq. (1) is
called a quadratic function. But Skof restricted herself to studying the case where f maps
a normed space to a Banach space. In [1] Cholewa noticed that the theorem of Skof is
still true if the relevant domain is replaced by an Abelian group. The results of Skof and
Cholewa were further generalized by Czerwik [2] and Jung [7–9].
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D. Yang / J. Math. Anal. Appl. 291 (2004) 666–672 667To the author’s knowledge, so far all references on the stability of the quadratic func-
tional equation are restricted to the case where the relevant domain is an Abelian group
or a normed space. No positive results are obtained on the case where the relevant do-
main is non-Abelian, although in [14] a counter-example was given to show that Eq. (1)
is not stable on the free group generated by two elements. It is well known that any group
containing a free subgroup having two generators is not amenable. Therefore, a question
naturally arises: is Eq. (1) stable on amenable groups? In this note, we shall give an affir-
mative answer.
Taking the historical backgrounds of stability into consideration, there are different de-
finitions for the stability of the quadratic functional equation; see, for example, [1,7,9]. As
in [3], we shall use the following definition.
Definition 1. Let G be a group and B a Banach space. We say that the couple (G,B) has
the property of the stability of the quadratic functional equation (write (G,B) is QS for
short) if for every function f :G → B such that
∥∥f (xy) + f (xy−1) − 2f (x) − 2f (y)∥∥ δ (2)
for all x, y ∈ G and for some finite δ  0, there exist a quadratic function q :G → B and a
finite constant δ′  0 dependent only of δ satisfying
∥∥f (x) − q(x)∥∥ δ′ (3)
for all x ∈ G.
Notice that in Definition 1, for any fixed f , its corresponding quadratic function q must
be unique (see Lemma 3). To give our main results, it is convenient to state one result by
Cholewa [1] first.
Lemma 1 [1, Theorem 1]. Let G be an Abelian group and B a Banach space. If f :G → B
satisfies the inequality (2) then there exists a unique quadratic function q :G → B such
that
∥∥f (x) − q(x)∥∥ δ/2 for all x ∈ G.
In fact, q(x) = limn→+∞ 4−nf (x2n) for all x ∈ G. Also, δ/2 is the best possible in the
sense that if ‖f (x) − q(x)‖ δ′ for every f then δ′  δ/2.
Let G be a group (not necessarily Abelian) and x a fixed element in G. Applying
Lemma 1 to the cyclic subgroup 〈x〉 of G, we can easily get the following
Lemma 2. Let G be a group and B a Banach space. Suppose that f :G → B satisfies the
inequality (2). Then, the limit g(x) := limn→+∞ 4−nf (x2n) exists for all x ∈ G, and
∥∥f (x) − g(x)∥∥ δ/2 and g(x2) = 4g(x) for all x ∈ G. (4)
The function g with condition (4) is unique.
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Let f , q , and δ′ be same as those in Definition 1. Then q is unique, and (3) holds with δ/2,
‖f − q‖ δ/2. Moreover, if (3) holds for every f , then δ′  δ/2.
The following theorem simplifies the study of the stability of the quadratic functional
equation.
Theorem 1. Suppose that the couple (G,C) (or (G,R)) is QS. Then for every complex
(real) Banach space B, the couple (G,B) is QS.
Proof. Let f :G → B be a function satisfying (2). Let B∗ denote the dual space of B, that
is, B∗ is the space of all bounded linear functionals on B. Then
∣∣φ(f (xy) + f (xy−1) − 2f (x) − 2f (y))∣∣
= ∣∣φ(f (xy))+ φ(f (xy−1))− 2φ(f (x))− 2φ(f (y))∣∣
 δ‖φ‖ for any φ ∈ B∗.
That is, the function φ ◦ f :G → C satisfies the inequality (2), where ◦ stands for the com-
position of functions. By Lemma 3, since the couple (G,C) is QS, there exists a quadratic
function qφ (dependent of φ) :G → C such that
∣∣φ(f (x))− qφ(x)
∣∣ δ‖φ‖/2. (5)
From Lemma 2 the limit g(x) := limn→+∞ 4−nf (x2n) exists for all x ∈ G. We deduce
from (5) that
∣∣φ(f (x2n))− qφ(x2n)
∣∣ δ‖φ‖/2,
and so
∣∣4−nφ(f (x2n))− qφ(x)
∣∣ 4−nδ‖φ‖/2,
implying that
qφ(x) = lim
n→+∞ 4
−nφ
(
f (x2
n
)
) = φ
(
lim
n→+∞ 4
−nf (x2n)
)
= φ(g(x))
by the continuity of φ. Hence qφ = φ ◦ g. Notice that qφ is a quadratic function. Therefore
φ
(
g(xy) + g(xy−1)) = φ(g(xy))+ φ(g(xy−1)) = qφ(xy) + qφ(xy−1)
= 2qφ(x) + 2qφ(y) = 2φ
(
g(x)
)+ 2φ(g(y))
= 2φ(g(x) + g(y))= φ(2g(x) + 2g(y))
for each φ ∈ B∗ and for all x, y ∈ G. Therefore, g :G → B satisfies the quadratic func-
tional equation (1). Applying Lemma 2 again, we obtain that (G,B) is QS, which ends our
proof. 
Notice that we have already known that the couple (G,B) is QS for all Abelian groups
by Lemma 1 no matter what the Banach space B is. Clearly, it is also true for all finite
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groups. For convenience, for a given group G, let B(G) denote the space of all bounded
complex-valued functions on G, equipped with the supremum norm ‖ · ‖∞.
Definition 2. Let G be a group. A linear functional M on B(G) is an invariant mean if M
has the following properties:
(i) M(f¯ ) = M(f ) for all f ∈ B(G);
(ii) inf{f (x): x ∈ G}M(f ) sup{f (x): x ∈ G} for all real-valued f ∈ B(G);
(iii) M(xf ) = M(f ) for all x ∈ G and f ∈ B(G), where xf (t) = f (xt); or
(iii′) M(fx) = M(f ) for all x ∈ G and f ∈ B(G), where fx(t) = f (tx).
In fact, we say M is a left (respectively, right) invariant mean if M satisfies properties
(i)–(iii) (respectively, (i), (ii), and (iii′)). But these conditions are the same for a group. So
we only need (iii) or (iii′) except (i) and (ii). A group G is amenable if there is an invariant
mean on B(G).
For more details on invariant means and amenable groups, refer to [5]. With the help of
the ideas in [12] by Székelyhidi (also see [3]), the following theorem shows that amenabil-
ity implies the stability of the quadratic functional equation.
Theorem 2. Let G be an amenable group. Then (G,C) is QS.
Proof. Suppose that f :G → C satisfies the inequality
∣∣f (xy) + f (xy−1) − 2f (x) − 2f (y)∣∣ δ (6)
for all x, y ∈ G. Let x = y = e in (6) to get |2f (e)| δ. Putting x = e in (6) gives
∣∣f (y) + f (y−1) − 2f (e) − 2f (y)∣∣ δ,
and so
∣∣f (y−1) − f (y)∣∣ 2δ. (7)
Switching x and y in (6) leads to
∣∣f (yx) + f (yx−1) − 2f (y) − 2f (x)∣∣ δ. (8)
Combining (6) and (8) yields
∣∣f (xy) − f (yx) + f (xy−1) − f (yx−1)∣∣ 2δ. (9)
It follows from (7) and (9) that
∣∣f (xy) − f (yx)∣∣ 4δ. (10)
Use (6) and (10) to get
∣∣f (yx) + f (xy−1) − 2f (x) − 2f (y)∣∣

∣∣f (xy) + f (xy−1) − 2f (x) − 2f (y)∣∣+ ∣∣f (yx) − f (xy)∣∣
 δ + 4δ = 5δ (11)
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→ f (yx) + f (xy−1) − 2f (x)
is bounded. Using the notations in [3], since G is amenable, let Mx be an invariant mean
on B(G). Here the suffix x denotes that Mx acts on functions of the variable x . Define
φ(y) := Mx{yf + fy−1 − 2f } for all y ∈ G. (12)
From (6) and (10) again, we have
∣∣f (yx) + f (y−1x) − 2f (x) − 2f (y)∣∣

∣∣f (xy) + f (xy−1) − 2f (x) − 2f (y)∣∣
+ ∣∣f (yx) − f (xy)∣∣+ ∣∣f (y−1x) − f (xy−1)∣∣
 δ + 4δ + 4δ = 9δ. (13)
Thus, for each fixed y ∈ G, the function x 
→ f (yx) + f (y−1x) − 2f (x) is an element
of B(G); so is the function x 
→ f (xy) + f (xy−1) − 2f (x) because of the inequality (6).
Therefore we deduce that for any z ∈ G,
Mx{yzf + yz−1f − 2yf } = Mx
{
y(zf + z−1f − 2f )
} = Mx{zf + z−1f − 2f }
and
Mx{fz−1y−1 + fzy−1 − 2fy−1} = Mx
{
(fz−1 + fz − 2f )y−1
}
= Mx{fz−1 + fz − 2f }.
Consequently
φ(yz) + φ(yz−1) = Mx{yzf + fz−1y−1 − 2f } + Mx{yz−1f + fzy−1 − 2f }
= Mx{yzf + yz−1f − 2yf } + Mx{fz−1y−1 + fzy−1 − 2fy−1}
+ Mx{2yf + 2fy−1 − 4f }
= Mx{zf + z−1f − 2f } + Mx{fz−1 + fz − 2f }
+ Mx{2yf + 2fy−1 − 4f }
= Mx{zf + fz−1 − 2f } + Mx{z−1f + zf − 2f }
+ 2Mx{yf + fy−1 − 2f }
= φ(z) + φ(z−1) + 2φ(y).
Clearly
φe(yz) + φe(yz−1) = 2φe(y) + 2φe(z),
where φe stands for the even part of φ. Thus φe satisfies Eq. (1). Define a function q :
G → C via
q(y) = φe(y)/2 for all y ∈ G.
Obviously q also satisfies the quadratic functional equation. Moreover
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∣∣∣∣
1
2
φe(y) − f (y)
∣∣∣∣
= 1
4
∣∣φ(y) + φ(y−1) − 4f (y)∣∣
= 1
4
∣∣Mx
{
(yf + fy−1 − 2f ) + (y−1f + fy − 2f ) − 4f (y)
}∣∣
 1
4
sup
∣∣(f (yz) + f (zy−1) − 2f (z))
+ (f (y−1z) + f (zy) − 2f (z))− 4f (y)∣∣
 1
4
sup
{∣∣f (yz) + f (y−1z) − 2f (z) − 2f (y)∣∣
+ ∣∣f (zy) + f (zy−1) − 2f (z) − 2f (y)∣∣}
 1
4
(9δ + δ) = 5δ
2
(by (13) and (6)).
Thus (3) holds with δ′ = 5δ/2, which completes our proof. 
Remark 1. By Lemma 3, the size of the bound in (3) is not important. In fact, if we replace
f by f e (i.e., the even part of f ) in the proof of Theorem 2, we can obtain |f (x)−q(x)|
3δ/2 to sharpen the bound in Theorem 2.
Combining Theorems 1 and 2, we get the following
Corollary 1. Let G be an amenable group. Then for every Banach space B the couple
(G,B) is QS.
Remark 2. Corollary 1 generalizes the known results on the Hyers–Ulam stability of
the quadratic functional equation, because it is well known that every Abelian group is
amenable but the converse is not true.
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